Conclusive evidence of order by disorder is scarce in real materials. Perhaps one of the strongest cases presented has been for the pyrochlore XY antiferromagnet Er 2 Ti 2 O 7 , with the ground state selection proceeding by order by disorder induced through the effects of quantum fluctuations. This identification assumes the smallness of the effect of virtual crystal field fluctuations that could provide an alternative route to picking the ground state. Here we show that this order by virtual crystal field fluctuations is not only significant, but competitive with the effects of quantum fluctuations. Further, we argue that higher-multipolar interactions that are generically present in rare-earth magnets can dramatically enhance this effect. From a simplified bilinear-biquadratic model of these multipolar interactions, we show how the virtual crystal field fluctuations manifest in Er 2 Ti 2 O 7 using a combination of strong coupling perturbation theory and the random phase approximation. We find that the experimentally observed ψ 2 state is indeed selected and the experimentally measured excitation gap can be reproduced when the bilinear and biquadratic couplings are comparable while maintaining agreement with the entire experimental spin-wave excitation spectrum. Finally, we comments on possible tests of this scenario and discuss implications for other order-by-disorder candidates in rare-earth magnets.
I. INTRODUCTION
The study of frustrated magnetism has led to the discovery of several new and exotic phenomena [1] . Much of this physics can be traced back to frustration inducing a large number of degenerate or nearly degenerate low energy states, with the ultimate ground state and low energy physics being sensitive to subtle effects that act within this manifold. Due to this degeneracy, the relevant energy scales are then much smaller than in conventional unfrustrated systems and thus may arise from a wider variety of sources. The competition between the small interactions can lead to a rich set of phases, from unconventional magnetically ordered states or even novel nonmagnetic phases such as classical or quantum spin liquids [1] [2] [3] A particularly interesting class of degeneracy lifting mechanisms is order by disorder. In the seminal incarnations of Villain et al. [4] and Shender [5] , thermal or quantum fluctuations respectively select the states from the degenerate manifold that have the largest space to fluctuate. This perspective naturally leads to a generalization of the idea of order by disorder, i.e. the selection from a degenerate manifold via any set of fluctuation corrections to the energy. This mechanism of fluctuation induced order is not only a concept within the purview of frustrated magnetism, or even condensed matter physics taken more broadly, but even appears in high-energy physics in the guise of the Coleman-Weinberg mechanism [6] . This stabilization of order by quantum fluctuations, or order by quantum disorder [5, 7, 8] , has an even longer history. While largely unnoticed, one of the earliest examples was put forth by Tessman [9] where quantum zero-point fluctuations select the magnetization direction in a dipolar ferromagnet [10, 11] .
More formally, we consider a system whose ordering is de- scribed by some order parameter m. The natural low-energy description can then be framed in terms of the effective action Γ [m] . In each order by disorder scenario, one starts from an artificial limit where there is an accidental degeneracy; that is the effective action at this point, Γ 0 [m], has an accidental symmetry. For order by thermal disorder this limit is T → 0, while for order by quantum-disorder this is the classical limit where the spin becomes large, or 1/S → 0. Adding such perturbations moves the theory away from this artificial limit, adding a term δΓ[m] to the effective action as Γ[m] = Γ 0 [m] + δΓ [m] . A distinction is usually drawn between energetic and fluctuation-driven contributions to selection, i.e. between zeroth order and higher order perturbative corrections to δΓ [m] , though this can be somewhat ambiguous. Generically, δΓ[m] breaks the accidental symmetry, lifting the degeneracy present in Γ 0 [m] . In real systems such a δΓ[m] correction should always be present, so long as the symmetry is not exact, with each order by disorder mechanism providing its own contribution to δΓ [m] . The identification of an order by disorder mechanism then relies not only on a proximity to the idealized Γ 0 [m] limit, but also on the contribution of that mechanism to δΓ [m] being dominant over all other sources of δΓ[m] corrections. Beyond having just a single dominant order by disorder channel, these fluctuation selection mechanisms could thus cooperate and select the same state, or perhaps compete and prefer different states [4, 7] . Competing order by disorder can lead to exotic multiple-step phase transitions, an unusual sensitivity to perturbations or a host of other interesting properties.
While it is easy for deviations from the initial idealized limit to spoil an order by disorder selection mechanism, there are many systems where the simplest energetic selection mechanisms can be forbidden on fairly general grounds. Indeed, some of the early examples [5, 9] focus on selection of the moment direction in simple ferromagnets and antiferromagnets with high symmetry. Classically, the presence of three-, four-or six-fold rotations axes can forbid the selection of a moment orientation purely from exchange anisotropy. In low-spin systems without sufficient single-ion anisotropy, the leading anisotropy then must come from effective multi-spin interactions. These can be generated at the level of a LandauGinzburg theory through the order by disorder mechanisms discussed above, be it thermal, quantum or otherwise. To find a clear demonstration of this physics the challenge is then to find a material that is sufficiently close to such a limit with accidental ground state degeneracy. Theoretical and experimental control are essential: one must be able to characterize and quantify deviations from the idealized theoretical limit with the degeneracy while experimentally, one must be able to validate the theoretical model and approach the limiting regime closely, removing any extrinsic complications. The class of rare-earth pyrochlore magnets R 2 M 2 O 7 are promising toward this goal [3, 12] . Aside from having the requisite high-symmetry, many are well described by an effective spin-1/2 model [13] [14] [15] and thus lack any on-site anisotropy. At the nearest-neighbor level, there are four symmetry allowed exchanges [16] leading to a diverse phase diagram that includes a variety of magnetic and non-magnetic phases [17, 18] . Included in this phase diagram is a large region where the effective spins order uniformly within their local XY planes [19] . This so-called Γ 5 manifold (see Fig. 1 ) can be thought of as a local ferromagnet and enjoys the degeneracy protection [15] discussed above. Of these rare-earth pyrochlores, we will focus on the titanate Er 2 Ti 2 O 7 which is close to ideal in each of these regards, having long been proposed as a prime example of order by disorder [20] . Experimentally, the thermodynamic properties of this material are uncontroversial and have been well-characterized. The Er 3+ free ion hosts a J = 15/2 manifold that is quenched by the crystal field into an effective spin-1/2 degree of freedom with a strong planar (XY) anisotropy [20] . The low-lying crystal field energy levels have been measured to fair precision [20] and match well with theoretical models [21, 22] . Ordering occurs near T N ∼ 1.2 K into the so-called ψ 2 state (see Fig. 1 ), a non-coplanar antiferromagnet [20, 23] . The magnetic excitations above this state are sharp and have been measured across many cuts in reciprocal space via inelastic neutron scattering [15, 24, 25] . A nearly gapless mode is observed [24] [25] [26] , suggesting a quasi-degenerate set of ground states, as needed for order by disorder. Further, crystals of Er 2 Ti 2 O 7 can be made very clean, and disorder can be re-introduced in a controlled manner via depletion or stuffing [27] . The appropriate theoretical model of the effective spin-1/2 degrees of freedom has been tightly constrained by matching to the experimental data, through fitting of the inelastic neutron scattering spectrum in both zero and finite magnetic fields [15, 25] . Altogether, this model can reproduce nearly all of the current experimental data at a qualitative, and sometimes even a quantitative level [28] .
Classically, this effective spin-1/2 model has an accidental degeneracy, the Γ 5 manifold mentioned above, consistent with the soft-mode seen experimentally. Similarly, conventional mean-field theory shows the same accidental degeneracy in the Landau-Ginzburg theory near T N [29] . This classical degeneracy remains unbroken for any symmetry allowed, two-spin interactions between the spins, to arbitrary distance [15] . Several proposals on how to lift this degeneracy have been put forth; these include order by thermal disorder (for [20, [29] [30] [31] [32] , order by quantum disorder [15, 19, 30, 31] or order by structural disorder [33, 34] . A case has been made for order by quantum disorder [15, 31] as the operant mechanism in lifting the degeneracy of the classical ground state manifold in Er 2 Ti 2 O 7 , with order by thermal disorder [28] cooperating at the ordering temperature T N . A key prediction of the order by quantum disorder proposal is a gap in the excitation spectrum of order ∼ 20 µeV, comparable to the ∼ 40 − 45 µeV gap that was later observed experimentally [25, 26] . One implicit limit that has been taken in all these studies is to assume that an effective spin-1/2 model with only two-spin interactions is itself sufficient. This can justified if one can take the crystal field energy scale η to be much larger than the exchange scale. Taking η to be finite then allows for corrections to the effective spin-1/2 model through virtual crystal field excitations, yet another channel contributing to δΓ[m] as defined above. While these terms [25, 35] have been argued to be extremely small [15] , the complexity of the multipolar interactions between rare-earth ions [36] [37] [38] [39] and the subtleties arising from the combinatorics of high-order perturbation theory demand a more careful accounting of these effects.
In this article, we aim to carefully address the effects of virtual crystal field fluctuations [25, 35] on the ground state selection in Er 2 Ti 2 O 7 . We find that such an order by virtual crystal field fluctuations is not only significant, but is naturally comparable with the effects from order by quantum disorder. When mapped into the effective spin-1/2 description via strong coupling perturbation theory, these fluctuations manifest as multi-spin interactions, with a complementary interpretation as classical energetic selection. We argue that the complex multipolar interactions that exist in the full J = 15/2 manifold further enhance these fluctuations, compared to the case of only bilinear interactions between the angular momenta J, and render them very relevant in describing Er 2 Ti 2 O 7 . For definiteness, we consider a bilinear-biquadratic exchange model of the J = 15/2 moments as a minimal model of this physics. We analyze the effects of virtual crystal field fluctuations using a combination of mean-field theory (MFT) and random-phase approximation (RPA) calculations. We show that these MFT+RPA calculations are qualitatively consistent with a treatment of the multi-spin interactions via strong-coupling perturbation theory, and thus capture the effects of the virtual crystal field excitations. Generically, we find that this mechanism is cooperative with thermal and quantum selection, selecting the ψ 2 state as is seen experimentally. From these calculations we find that when the bilinear and biquadratic couplings are comparable this selection mechanism can be of similar magnitude or even dominate over the effects of order by quantum disorder [15, 31] We then show in Sec. II A and Sec. II B how this effective model arises from underlying multipolar interactions between the J = 15/2 manifolds of the Er 3+ ions, and discuss the generation of multi-spin interactions by virtual crystal field fluctuations. We build on this in Sec. III, showing how these multi-spin interactions lead to ground state selection and order by virtual crystal field fluctuations. In Sec. III A, we show how this selection proceeds and how it is related to the gap in the spin-wave spectrum, presenting estimates for their magnitude in Sec. III B. Next, in Sec. IV, we perform an explicit calculation of these quantities for two models of multipolar interactions in Er 2 Ti 2 O 7 . As discussed in Sec. IV A and Sec. IV B, these models include both bilinear and biquadratic exchange, and are solved with the RPA approximation as outlined in Sec. IV C. The results for ground state selection and the excitation spectrum are presented in Sec. V. The application of these results to Er 2 Ti 2 O 7 and how to disentangle different order by disorder scenarios are discussed in Sec. VI. Finally, we comment in Sec. VII on possible implications for other materials.
II. EFFECTIVE MODELS
Before delving into the detailed modeling of Er 2 Ti 2 O 7 , we first summarize the arguments that lead to the effective spin-1/2 model that has been used in prior works [15, 28] [40] . The ground doublet is an effective spin-1/2 degree of freedom of type Γ 4 with a gap of Λ ∼ 6 meV (∼ 70 K) to the first excited state [20] . Since this energy scale is large relative to the exchanges, which are expected to be ∼ 0.1 K − 1 K [15, 25] , it is justified to consider an effective spin-1/2 model, down-folding the full set of crystal field levels into the ground doublet defined as |± . In the coarsest approximation, one simply projects the J = 15/2 moment J i at site r i into this manifold
where S i is the effective spin-1/2 operator and λ ≡ diag(λ ± , λ ± , λ z ) with λ ± ∼ 6 and λ z ∼ 2 depends on the details of the crystal field parameters through the spectral composition of the ground doublet. These λ-factors are related to the g-factors which characterize the response to an applied magnetic field via λ µ = g µ /g J where µ = ±, z and g J = 6/5 is the Landé factor for Er 3+ . Both the J i and S i operators are defined in the local basis (x i ,ŷ i ,ẑ i ) defined with respect to the high-symmetry directions at each site, as defined in Appendix A. In this local picture, the Γ 5 manifold corresponds to ferromagnetic ordering in the local XY plane, with ψ 2 defined as the moments ordered in the localx direction (see Fig. 1 ). The remaining states can be obtained from ψ 2 by a rotation of of all the spins about their local [111] direction.
As discussed in the Introduction, the most detailed information on the interactions with the Er 3+ ions comes from fitting such an effective spin-1/2 model to the results of inelastic neutron scattering experiments [15, 25] . It was found that a model with only nearest-neighbor anisotropic exchange between the effective spin-1/2 moments provides a fairly good description of the observed spectrum. By symmetry, the effective spin-1/2 Hamiltonian takes the form [15, 16] 
c . Details of the complex form factors γ i j and ζ i j are given in Appendix A. From experimental fitting [15, 25] , the J i j couplings are of order 10 −2 meV with J ± and J ±± being the largest. A representative example, from Ref. [15] , is
Further details on other proposed sets of effective spin- 
A. Multipolar interactions
The structure of the model (2) was essentially fixed by symmetry and the restriction to only two-spin (bilinear) interactions between the effective spin-1/2 degrees of freedom. Information on the microscopic interactions between the J i moments or the 4 f electrons themselves is essentially lost through the projection into the ground doublets; compressed into the four exchange parameters J zz , J ± , J ±± and J z± . To go beyond this projection into the ground doublets, we move up in energy and consider a model of the multipolar interactions between the J = 15/2 moments. As above, we consider only interactions between nearest-neighbor sites. This can be partially justified as, aside from the long-range dipolar interactions, one expects multipolar couplings to arise form shortrange super-exchange type processes [36, 37] .
In contrast to the effective spin-1/2 model of Eq. (2), we do not expect these more microscopic interactions to have only a bilinear form. Unlike the effective spin-1/2 moments, the J = 15/2 manifolds of the Er 3+ ions can support many higher-order multipoles. These multipoles can be classified into ranks; the familiar dipole operators ∼ J α are rank-1, quadrupole operators ∼ J α J β are rank-2 and so forth. As J = 15/2, such multipoles can be constructed up to and including rank-15. To proceed in a systematic fashion we introduce a basis for these multipole operators that transforms in the same way as the spherical harmonics. As for the spherical harmonics, for a rank-K multipole we have 2K + 1 operators indexed by
where J, M; K, −Q|J, M is a Clebsch-Gordan coefficient and |J, M are eigenstates of J · J and J z . These operators have been normalized so that tr[O KQ (J)
† O KQ (J)] = 1, so the different ranks can be compared on equal footing without worrying about large matrix element factors that arise when acting on the |J, M states. The rank-1 vector operators are then simply a reformulation of the dipole moment
where the factor of 1/(2 √ 85) enforces the trace normalization. We note that these operators are similar to, but not identical to the Stevens' operator equivalents [41] used to define the crystal field potential.
With these degrees of freedom in hand, we can write down a model of their interactions. Aside from the crystal field potential, because of the weakness of super-exchange processes in 4 f insulators [37] we expect them to be predominantly pairwise, generically giving the model (6) where V(J) is the crystal field potential, O KQ (J i ) is a multipole of rank-K and M are the multipolar coupling constants. The form and parameters we use for V(J) are discussed in Appendix B 1. Processes such as super-exchange can only generate interactions up to including rank-7 multipoles [36] [37] [38] [39] . Given that the anisotropy in the fitted exchanges in Er 2 Ti 2 O 7 deviates strongly from that expected from magnetostatic dipolar interactions, we expect the super-exchange scale to be significant, and thus a wide range of multipolar ranks to be present in the interactions of the J = 15/2 model given by Eq. (6) . There are an enormous number of independent couplings embedded in the matrix M, given that K, K ≤ 7 and |Q| ≤ K, |Q | ≤ K . Even accounting for symmetry leaves hundreds of possible couplings. Thankfully, we have some semblance of a separation of scales via the crystal field potential, which at Λ ∼ 6 meV is roughly two orders of magnitude larger than the expected scale for M.
We now have all the pieces to improve on the effective model of Eq. (2), which can, in principle, be obtained for a given M by a bare projection of Eq. (6) into the ground doublets. In the following section we sketch a derivation of the low energy effective model that goes beyond simply the bilinear interactions defined in Eq. (2). We do this leaving the multipolar interactions somewhat arbitrary, relegating the detailed discussion of their form to Sec. IV.
B. Strong coupling perturbation theory
To derive the low-energy effective model, we carry out strong coupling perturbation theory in the crystal field potential, perturbing with the multipolar couplings. Aside from the simple model of Eq. (2), we also consider the higher order corrections that have been ignored in previous studies. More concretely, we use the Rayleigh-Schrödinger perturbation theory as presented in Lindgren [42] . We decompose the full Hamiltonian, H, as H = ηH 0 + V where
To control the passage from the J = 15/2 model to the effective spin-1/2, we have added a dimensionless rescaling parameter η to the crystal field. The choice η = 1 corresponds to the physical, experimentally fitted crystal field Hamiltonian [22] , with larger values suppressing the effects (i.e. admixing) of the higher lying crystal field doublets in the low-energy sector composed of the ground doublets. The bare Hamiltonian ηH 0 is diagonalized using single-ion crystal field states at each site.
To proceed with the perturbation theory, we define a projector into the ground state manifold, P = E n =E 0 |n n|, along with a resolvent operator
where E n and |n are the eigenvalues and eigenstates of H 0 . This perturbation theory becomes formally exact in the limit η → ∞. The expansion of the effective Hamiltonian is given in Lindgren [42] as H eff = n η −n+1 H eff,n . Here one considers a wave-operator, Ω, related to the effective Hamiltonian as H eff = PVΩ with the analogous expansion Ω = n η −n+1 Ω n . These are defined via the relation
Starting with Ω 1 = P, the higher order Ω n , and thus H eff,n , can be computed recursively. The first three orders are given by
where {·, ·} is the anti-commutator [43] . Due to their complexity, we will not give the expressions for H eff,4 and H eff,5 , but they can be straightforwardly computed from Eq. (9). The leading term, H eff,1 , is simply the projection of the multipolar interactions, V, into the ground doublets. This can be accomplished by projecting the multipoles individually
then substituting them back into V in Eq. (6). The vectors v KQ are in general complex and define the mapping into the effective spin-1/2, depending only on the spectral composition of the ground doublet. At first order in perturbation theory, the even rank terms lead only to a constant shift of the energy and can be ignored. As such, we see that the even-rank multipolar interactions are completely unconstrained by the fitted effective-spin 1/2 exchanges, J i j . Combined together, the odd terms give the interactions between the effective spin-1/2 operators S i as
This leads to the symmetry allowed nearest-neighbor model as given in Eq. (2), with only two-spin interactions, where the tremendous complexity of M is embedded in the four symmetry allowed exchanges J zz , J ± , J ±± and J z± .
At higher order, further corrections will be generated through virtual crystal field fluctuations [44] involving the excited single-ion states through the resolvent operators that appear in Eq. (10) . The leading corrections that do not simply renormalize the bilinear couplings are four-and six-spin interactions [19, 29] which appear at third and fifth order in M. We thus write the effective Hamiltonian at fifth order in three pieces, H eff = H 2 + H 4 + H 6 containing the two-, four-and six-spin interactions. Explicitly, we have
The lowest order part of the bilinear couplings J in Eq. (13) are the nearest neighbor projection of the multipolar interactions at order M, as given in Eq. (12) . Higher corrections at orders M 2 /(ηΛ) up to M 5 /(ηΛ) 4 renormalize bilinear couplings between the effective spin-1/2 operators, as well as inducing second, third and further neighbor exchanges where Λ defines the scale of crystal field when η = 1. The nearestneighbor part will be taken to match the experimentally determined values of Eq. (3). The subleading further neighbor exchanges do not lift the Γ 5 degeneracy on their own [15] and serve only to renormalize the bilinear exchange scale. While this will modify the spin-wave dispersion and other features of model, it will not affect the ground state selection or excitation gap. Since this is our focus and the question of foremost interest, we ignore these terms.
The four-spin interactions, K, appear first at order M 3 /(ηΛ) 2 and receive subleading corrections from fourthand fifth-order as M 4 /(ηΛ) 3 and M 5 /(ηΛ) 4 . We keep only the leading terms, at order M 3 /(ηΛ) 2 , where the four sites i 1 , · · · , i 4 take the form of trees built from three nearestneighbor bonds of the lattice. For example, a tree for three bonds can involve four distinct sites and thus contribute to the four-spin operators at order M 3 /(ηΛ) 2 . Contributions with three bonds that have a loop involve at most two or three spins and can not contribute to a four-spin term. Similarly, for the six-spin interactions, L, the leading contribution comes in at order M 5 /(ηΛ) 4 with the sites i 1 , · · · , i 6 forming trees built from five nearest-neighbor bonds. A large number of possible anisotropic couplings are allowed through the dependence on the spin indices in both the four-and six-spin interaction terms.
III. ORDER BY VIRTUAL CRYSTAL FIELD FLUCTUATIONS
Having understood how higher spin interactions are induced by virtual crystal field excitations, we next need to understand how the four-and six-spin interactions affect the ground state selection and the energy gap. To do this, we construct a variational product state for each local ferromagnetic
where |↑ i , |↓ i are effective spin-1/2 states of the low-energy effective model and (θ, φ) are the spherical angles for the directionn. By construction, the expectation value of the effective spin-1/2 is oriented in the direction specified by θ and φ
The Γ 5 manifold is then the set of states with θ = π/2; ψ 2 corresponding to φ = nπ/3 and ψ 3 to φ = nπ/3 + π/6 with n = 0, 1, 2, . . . 5.
When phrased in terms of the states in the low-energy effective model, the state |n contains no inter-site correlations. Thus when viewed through the lens of the low-energy effective model, the selection via multi-spin interactions could be regarded as a purely classical energetic effect. While intuitive, such a perspective obscures some of the key aspects of the physics. A more complete viewpoint requires consideration of what |n corresponds to in terms of the physical |± i crystal field ground doublets. At zeroth order one would simply map the effective spin-1/2 states into the ground doublets directly, replacing |↑ i → |+ i and |↓ i → |− i in Eq. (14) . At higher orders in perturbation theory the relationship between the states of the low-energy effective theory and the underlying J = 15/2 manifold becomes non-trivial. Following Lindgren [42] , the |n state maps to
where Ω is the wave-operator whose expansion was given in Eq. (9) . The physical state |n Ω is not a product state in the ground doublets |± i . The wave-operator Ω has much of the same structure as the effective Hamiltonian and is non-local in the moment operators J i . This mapping encodes non-trivial correlations between the sites, as well as virtual fluctuations into the higher crystal field levels. These contributions to degeneracy lifting are thus induced through virtual fluctuations into the higher crystal field levels of the J = 15/2 manifold that are built into the state itself. We therefore refrain from referring to this ground state selection as "energetic", and thus call this mechanism order by virtual crystal field fluctuations. Most importantly, this is distinct from the correlations built into the state in the order by quantum disorder scenario [15] ; the correlations induced here vanish as the crystal field energy scale becomes large, i.e. as η → ∞.
Given this mapping, one may ask how the directionn relates to direction of the physical moments J i . For the ψ 2 (φ = nπ/3) and ψ 3 (φ = nπ/3 + π/6) states of interest, this is partially constrained by their remnant symmetry. Each ψ 3 state is preserved (locally) by the C 2 rotation along the moment direction, while each ψ 2 state is preserved by a combination of a C 2 axis perpendicular to the moment, combined with time-reversal. As the mapping Ω preserves the underlying space-group symmetries of the model, these remnant symmetries are also reflected in the expectations of the moments J i . This then implies that the local in-plane angle is preserved by Ω for the ψ 2 and ψ 3 states. We note that for ψ 3 the vanishing of the component out of the local [111] plane is also preserved with the expectation J i remaining fixed in the local XY planes. For ψ 2 , a finite canting out of the XY plane [29] is generically induced by this mapping, in addition to an intrinsic generation that will be discussed in the following section.
A. Selection and excitation gap
We can now look at the selection of the ψ 2 or ψ 3 state and the excitation gap that follows generically. Using the effective spin-1/2 language, we compute the energy per spin as
Practically, one simply replaces each effective spin-1/2 operator in H eff with the classical spin vector in Eq. (15), dividing by the total number of sites. The energy per spin is then given by E(n) = C 2 cos 2 θ + C 4 cos θ sin 3 θ cos 3φ − C 6 cos 6φ, (18) where the overall form is dictated by symmetry constraints, as has been discussed in Refs. [19, 29] . The C n coefficients are determined by the exchanges in Eq. (13) and are given by
At zeroth order in 1/η, the C 2 coefficient can be worked out from the bare projected couplings with
The value of this coefficient does not depend too much on the choice of the exchange parameters; using the parameters of Ref. [15] one has C 2 ∼ 0.3 ± 0.1 meV, while from Ref. [25] one has C 2 ∼ 0.3 ± 0.05 meV. The contributions from the J ±± and J z± terms cancel for local ferromagnetic states due to their complex form factors γ i j and ζ i j in Eq. (2) . Such a cancellation is generic [15] , as a by-product of lattice symmetries further guaranteeing that further bilinear interactions of arbitrary range do not lift the degeneracy of the Γ 5 manifold. To see which state is selected, we minimize the total energy per spin, E(n), as a function of θ and φ. Given that the coefficient C 2 is positive and leading for the parameters relevant to Er 2 Ti 2 O 7 , we expect predominantly in-plane order (θ ∼ π/2). We thus can expand about θ = π/2 as
where the omitted terms do not depend on θ. This gives a minimum at
Fixing θ = θ 0 and using Eq. (18), the energy difference [45] between the ψ 2 and ψ 3 states is then
If
Having identified how ψ 2 or ψ 3 are selected within the Γ 5 manifold, we estimate the size of the spin-wave gap in the ψ 2 state. Solving the classical equations of motion for a finite energy k = 0 mode, the gap is given by [46] 
The A φφ , A θθ and A θφ are the curvatures of the classical energy, defined as
where φ 0 is taken to be zero for the ψ 2 state. The cross-term A θφ vanishes, so the classical gap ∆ is given by the geometric mean of the curvatures divided by the moment size [25, 46] as in Eq. (24) . Explicitly,
In this form, we see from Eq. (23) that the energy difference, δE, between the ψ 3 and ψ 2 states and the gap size are related as
We note that in the quantum order by disorder scenario [15] , a similar relation is given for the order by quantum disorder gap as found in linear spin-wave theory, albeit with a different numerical prefactor. With the relationship of the multi-spin interactions to the energy difference and excitation gap in hand, we move on to derive some estimates of the size of the fourand six-spin interactions C 4 and C 6 .
B. Scaling arguments
While we have assumed that |C 4 |, |C 6 | C 2 , to understand if these terms are competitive with other effects, such as order by quantum disorder, we need a more explicit estimate of their magnitude. First, we consider simple scaling arguments [15, 25] for the size of these terms from the strong coupling expansion sketched in Sec. II B. One has
where J = λ −1 Mλ −1 . The λ-factors of size λ z ∼ 2 and λ ± ∼ 6 provide an accounting for the size of the matrix elements of the J = 15/2 operators. From Eq. (26), the gap should then scale as ∆ ∼ J 3 /(ηΛ) 2 when a ψ 2 state has been stabilized. From the fitted exchanges [15, 25] , one has J ∼ 0.01 − 0.1 meV and Λ ∼ 6 meV, so even optimistically it would seem that one would estimate a very small gap ∆ ∼ 0.001 − 0.01 µeV via Eq. (26) and Eq. (28) . This value is roughly in agreement with that argued in Ref. [15] , and suggests that the virtual crystal field excitations are irrelevant to the ground state selection.
However, this is somewhat naïve, as it excludes significant combinatoric factors. To see this, consider the multipolar interactions in V on each nearest-neighbor bond as being independent perturbations to ηH 0 , with V ≡ i j V i j . We then define a contribution to H eff,n as some string of n − 1 resolvent operators R and n perturbations V i j . These bonds must be connected and, for the leading contributions to C 4 and C 6 , must form trees, i.e. have no loops. Any contribution to H eff,n with loops will involve less than n distinct sites and thus will not be the leading parts of the coefficient, as mentioned in Sec. II B. The number of contributions from three connected nearestneighbor bonds of the pyrochlore lattice is of order 10 2 and from five connected nearest-neighbors is of order 10 3 − 10 4 . Since each of these contributions is of order J, the estimates given above should include these large prefactors. This is in some sense conservative, as each bond alone has many different multipolar ranks interacting. We note that the scale M is determined from the fitted constants J and thus is, in some sense, an overall scale for all the odd-rank multipolar interactions, not just those of rank-1. We thus see that assuming a classical ψ 2 selection, when the combinatoric factors are included, the rough estimate of the excitation gap increases by a factor of 100 to ∼ 0.1 − 1 µeV.
Furthermore, this result is sensitive to the scale of multipolar interactions between the J = 15/2 moments; if the scale M is increased by some factor the induced gap increases by its cube, as shown in Eqs. (26, 28) . Moreover, the above estimate does not include the role played by even-rank multipolar interactions that do not contribute at first order to the scale J obtained from the experimental fitting. As we saw in Eq. (11), these simply give irrelevant constants when projected into the ground doublets. Given that there is no reason to expect the even-rank interactions to be smaller than the oddrank [36, 37] , this could be a significant underestimate of the size of the virtual crystal field fluctuations. Beyond this, it is not a priori excluded that the multitude of higher odd-rank interactions could also have an effect in the virtual crystal field fluctuations that is disproportionate to their effects in the bare projection. Since our very rough estimate above is within an order of magnitude or so of the ∼ 20 µeV gap estimated from quantum zero-point fluctuations [15] and the ∼ 40 − 45 µeV gap measured experimentally [25, 26] , the importance of vir-tual crystal fluctuations must be re-evaluated. These heuristic arguments are one of the main results of this work, forming the backbone of the detailed calculations we present next. In sections to follow, we flesh out these statements with quantitative calculations of the energetic selection and excitation gap due to the effects of virtual crystal field fluctuations.
IV. BILINEAR-BIQUADRATIC MODEL
As argued in the previous section, simple scaling arguments suggest that the effects of virtual crystal field fluctuations may be significant in Er 2 Ti 2 O 7 . To address the magnitude of these effects in a quantitative fashion, we first need an explicit model of the multipolar interactions within the J = 15/2 manifold, rather than the schematic form of the previous section. Determination of these multipolar interactions from experiments is a difficult endeavor; as most of the experimental data on Er 2 Ti 2 O 7 can be described almost quantitatively using the effective spin-1/2 model of Ref. [15] , there is little data left to constrain the model of Eq. (6). Indeed, the odd-rank interactions are only constrained through their projection into the effective spin-1/2 model of Eq. (2), while no constraints at all are placed on the even-rank interactions. Estimating the multipolar couplings by purely theoretical means is also similarly challenging. Given this daunting state of affairs, we will not attempt to study the full J = 15/2 multipolar interactions, but will restrict to some simpler caricature that captures the essential physics of having both time-reversal even and odd multipolar interactions.
The most straightforward approach [25, 35] is to consider only bilinear interactions between the J = 15/2 moments. This takes the form
The exchanges λ −1 J i j λ −1 have been chosen to reproduce Eq. (2) after one projects into the ground doublet, with P(λ −1 J i )P = S i . While appealing in its simplicity, the lack of even-rank interactions or higher odd-rank interactions eliminates a possibly potent source of virtual crystal field fluctuations. To capture some aspects of these even-rank multipolar interactions that must be present in the microscopic model, we supplement this bilinear model with biquadratic interactions between J = 15/2 moments. These are couplings between rank-2 multipoles as defined in Eq. (4) with
where Q, Q = 0, ±1, ±2. The interaction matrix needs only be specified on a single bond while the rest can be determined by symmetry. While in principle unconstrained, we expect the scale of these interactions to be comparable to that of the bilinear terms. We thus consider the bilinear-biquadratic model
We have added a single tuning parameter κ, in analogy to the parameter η, to control the scale of the biquadratic interactions. To ensure we are treating the rank-1 and rank-2 interactions on equal footing, we normalize the matrix M 2,2 i j so that
where M 11 i j are the spherical tensor components of the rank-1 interactions, as normalized in Eq. (4) . In this way, the average matrix elements for the rank-1 and rank-2 interactions are equal when κ = 1.
In this model, the bilinear terms serve as a proxy for all the odd-rank interactions, while the biquadratic terms do the same for all the even-rank interactions. Even with this simplification, there are a large number of free parameters. For nearest-neighbor bonds we find that there are 10 symmetry allowed independent biquadratic couplings. We will fix the ratios of these couplings using models motivated from two microscopic schemes, leaving the overall scale κ as a tuning parameter. These schemes are complementary and motivated by super-exchange [14] and the microscopic electric quadrupole-quadrupole interaction [47] . We do not intend to imply that these different schemes are strictly realistic models for biquadratic exchange in Er 2 Ti 2 O 7 , though both would be present in the material; they simply serve as useful parametrizations of the biquadratic couplings. Furthermore, the similarity of the results for the different biquadratic coupling schemes that we find below is a strong indication that the order by virtual crystal field fluctuation mechanism is enhanced when including biquadratic couplings, independently of the details of even-rank interactions.
A. Super-exchange model
One natural source of higher-multipole interactions [48] in rare-earths comes from super-exchange [37] . Due to the large separation of the Er 3+ ion relative to the extent of the 4 f orbitals, we expect this proceeds largely through the neighboring oxygen atoms. For a detailed treatment we refer the reader to Refs. [14 and 39] . Here, we simply quote the form of the interaction in the so-called charging approximation [49] :
where we have used a combined spin-orbital index α ≡ (m, σ) and f † iα creates a 4 f electron with spin σ and orbital m at site r i . The local operators can be expressed in terms of multipoles of rank-K with K ≤ 7
for some set of coefficients A αβ KQ . The interaction matrix I is defined as
where
gives the energy differences between adjacent charge configurations of the Er 3+ ion. ∆ f p is the charge gap between the 4 f and 2p levels. The t i matrices define the 4 f -2p overlap. In the Slater-Koster approximation [50] , these are expressed as t i = R † i t 0 where R i is a rotation of the f and p orbitals that takes a set of axes aligned to the local axes at site r i into the global frame. The matrices t 0 define overlaps in the frame aligned along the bond axis and take the simple form [t 0 ] mm = δ mm (δ |m|=1 t p f π + δ m=0 t p f σ ).
Since U p > 0 and ∆ f p > 0, the second term in Eq. (35), with denominator (U
Taking only this term affords the simplification that the parameters U ± f and ∆ p f enter only into the overall scale of the super-exchange interactions. Fixing the Slater-Koster parameters to the canonical ratio [51] t p f π /t p f σ ∼ −0.3, one finds that a very complex set of multipolar interactions are generated. As illustrated in Fig.  2 , these include significant odd and even-rank interactions up to and including rank-7 [38, 39] . To fit this within our bilinearbiquadratic framework, we simply truncate all multipolar interactions with rank > 2 and replace the rank-1 interactions with those of Eq. (31) to reproduce the experimentally fitted model of Eq. (2) when projected into the ground doublet. We again emphasize that this is not expected to be a quantitative model of the microscopic super-exchange interactions due to the neglect of the higher multipoles as well as the charging approximation used to arrive at Eq. (35) . However, we do expect this form to capture the essential features of even-rank interactions and thus will serve as a useful tool for exploring how these multipolar interactions affect the virtual crystal field fluctuations.
B. Electric quadrupole-quadrupole model
Another simple interaction between the quadrupolar degrees of freedom arises simply due to electrostatics [47, 52, 53] . To present this compactly, it will be useful to consider a more conventional definition of the quadrupolar operators, rather than the spherical tensor basis we have been using so far. We consider the Cartesian tensors Q i j defined with respect to the global axes as where
is the moment at site r i in the global axes and the product is symmetrized, i.e.
. This is a symmetric traceless matrix with five independent components. The explicit relationship between spherical tensors defined in Eq. (4) and the Cartesian form of Eq. (36) is given Appendix D. These electric quadrupolequadrupole (EQQ) interactions decay as ∼ 1/r 5 so we consider only the nearest-neighbor contribution
where r i j ≡ r i − r j . The microscopic quadrupolar coupling constant Q is given by [47] Q ≡ α J r 
Shielding effects likely reduce this further by a factor of ∼ 0.25 or so [47] . The smallness of this numerical value is highly misleading; given the large matrix elements ∼ J 4 the true scale of these interactions is closer to 10 −3 meV to 10 −4 meV. As for the super-exchange model, this interaction is used as a convenient parametric form of the biquadratic couplings and is not intended to be realistic. We thus do not use the bare microscopic interaction strength, but normalize the biquadratic couplings as given in Eq. (32), allowing the overall scale to vary via κ.
C. Mean-field and random-phase approximation
With these concrete models defined, we can now analyze the effects of the biquadratic interactions within an approach that uses mean-field theory (MFT) and the random-phase approximation (RPA) [46] . For the case of purely bilinear interactions, such an analysis has been presented in Ref. [25] (differences from the present study are discussed in Appendix C). This provides a route to estimating the gap, and thus the condensation energy, without the heavy machinery of the highorder perturbative expansion presented in Sec. II B. We lose however, the quantitative mapping to the effective spin-1/2 degrees of freedom. Still, as we shall see, the MFT and RPA results are entirely consistent with the scaling expected from the strong coupling expansion, and even include effects that go beyond the leading order results given in Sec. II B. We formulate these methods for general multipolar interactions, then apply the results to the specific bilinear-biquadratic models discussed in Secs. IV A and IV B
In the mean-field approximation we simply decouple the multipolar interactions as
are expectation values of the multipole operators. The full multipolar exchange Hamiltonian then reduces to single-site terms (40) where we have defined the effective multipolar mean fields
This defines a set of effective single-site Hamiltonians H i that can be solved self-consistently for the multipole expectation values O KQ i . This is equivalent to performing variational minimization on an ansatz that is an arbitrary product state in the J = 15/2 site basis.
To access the spin-wave excitation gap, ∆, we compute the dynamic susceptibility χ(k, ω) within the RPA. The imaginary part of χ(k, ω) is directly related to the intensity observed in inelastic neutron scattering experiments. With only bilinear interactions between the J i moments, one can use the standard RPA equation [46] 
where J (k) is the Fourier transform of the bilinear exchange matrix and χ 0 (ω) is the on-site susceptibility
where E n and |n denote the energies and eigenstates the single-site mean-field Hamiltonian defined in Eq. (40) and ρ n ≡ e −βE n /Z are the associated Boltzmann weights. With multipolar interactions, we compute instead a generalized multipolar susceptibility Γ(k, ω). As the derivation follows that of the conventional RPA closely [46] , we simply state the final expressions. We first define the on-site, noninteracting multipolar susceptibility
This is can be regarded as a matrix Γ 0 (ω) in the basis of spherical tensors, with indices (KQ) and (K Q ). The magnetic susceptibility χ(k, ω) is simply the Γ 1Q,1Q (k, ω) block of Γ(k, ω) rotated into the Cartesian basis using Eq. (5). In the RPA, the full wave-vector dependent multipolar susceptibility Γ(k, ω) then satisfies the equation
where M(k) is the Fourier transform of the multipolar interaction matrix M i j . As both M(k) and Γ 0 (ω) are known, these are linear equations that can be solved for each pair (k, ω) to yield Γ(k, ω). To cure the singularities, a small imaginary part is added to denominators in Γ 0 (ω), endowing the excitation spectrum with a slight broadening. For the bilinearbiquadratic model, Eq. (31), that we are studying, it is sufficient to consider Γ(k, ω) as an eight by eight matrix that includes χ(k, ω), a five by five quadrupolar susceptibility, as well as off-diagonal bilinear-biquadratic mixing terms.
V. RESULTS
The MFT is formulated in terms of the order parameters for rank-1 and rank-2 multipoles, defined as
The five expectation values q Q,i can be organized as a vector q i ≡ (q +2,i q +1,i q 0,i q −1,i q −2,i ). We note that the q 0,i component is non-zero even without any ordering as O 2,0 (J i ) breaks no symmetries of the model. Concretely, this is due to the presence of the crystalline electric field. Solving the selfconsistent equations on a single tetrahedron for both m and q, we generically find a ψ 2 state with uniform mean fields m i ≡ m and q i ≡ q. In contrast to the effective spin-1/2 model of Eq. (2), the degeneracy of the Γ 5 manifold is already lifted at the mean-field level through the inclusion of the higher crystal field levels, as previously found in Refs. [35, 25] . In this local basis, the ψ 2 states are characterized by the expectation value m, taking one of the six symmetry related solutions ⊥ to act as a conjugate field to m z in the ordered phase [29] . As m z is induced by the four-spin term C 4 , it gives some indication of the magnitudes of energetic selection and excitation gap. However, as we saw in Sec. III A, both these effects depend on not only C 4 but on the six-spin term C 6 as well. Since the small m z ∼ θ 0 moment is independent of C 6 (see Eq. (22)), the magnitude of |m z | gives only a partial picture of the selection mechanism. This is particularly true in regions where m z , and thus C 4 , change sign relative to m ⊥ .
The exact values of m ⊥ and m z depend on the crystal field and exchange parameter sets used as well as the strength of the biquadratic coupling. For definiteness, we focus on the crystal field parametrization of Bertin et al. [22] with the bilinear exchange parameters of Savary et al. [15] (see Appendix B) mapped to bilinear interactions as in Eq. (29) . Results using other parameter sets (see Appendix B ) from the literature give qualitatively similar values. We then can gain some insight into the effects of the biquadratic interactions by looking at the dependence of |m z | on the tuning parameter κ at T = 0. We present these results for the super-exchange and EQQ model interactions in Fig. 3 . For κ = 0 one find that |m z | is small but finite, of order ∼ 10 −2 . This is purely a consequence of the high-lying crystal field states, as can be seen by looking at the dependence of |m z | on the crystal field rescaling η. As shown in Fig. 3 , it scales as ∼ η −2 as expected from Sec. III A. Turning to the effect of finite κ, we see that the magnitude of m z increases dramatically from the bare value |m z | ∼ 10 −2 present at κ = 0. This indicates generation of four-spin term and thus that the selection of the ψ 2 state can be significantly enhanced by including biquadratic interactions, or more generally, highrank multipolar interactions.
Experimentally, while the selection itself can be observed [20, 23] , there is no good way to probe the condensation energy, δE, directly. Instead, we look to the gap in the excitation 
which is directly related to the results of inelastic neutron scattering experiments [15, 31] . We average over the six domains of the ψ 2 ordering, as given in Eq. (46), to compare directly with experimental results. For simplicity, we do not include the magnetic form factor of Er 3+ . The gap size as a function of κ is shown in Fig. 4 . As in the case of m z , the scaling of the gap with the crystal field is also consistent with the order by virtual-crystal field fluctuations scenario; the gap closes as η −2 , as expected from Sec. III A. The minima as a function of κ are those points where m z , and thus C 4 , change sign relative to m ⊥ , and selection is purely from C 6 . As shown in Fig. 4 , the excitation gap is strongly dependent on the strength of the biquadratic coupling; for moderate, but reasonable values of κ, one can find a gap that is comparable or larger than that found in the order by quantum-disorder scenario [15] . In fact, when the biquadratic coupling is comparable to the bilinear, this gap can easily be made consistent with experimental estimates. For the super-exchange model, this occurs near κ ∼ −1.5, while for the EQQ model this is at the larger value κ ∼ 3.5. Note that the gross features of the excitation spectrum are preserved when a finite biquadratic coupling is introduced. For concreteness, we compare the η → ∞ limit where our model reduces to an effective spin-1/2 model as shown in Fig. 5 to the result with finite super-exchange type biquadratic interactions shown in Fig. 6 . The biquadratic coupling has been chosen to be κ = −1.5 to reproduce the experimental gap size. Aside from the gap at [111] and small upward shift in energy, the features of the two spectra are nearly indistinguishable. Comparing to the experimental results of Ref. [15] or Ref. [25] we find that, aside from the gap, the model with the biquadratic coupling fits the data as well as the effective spin-1/2 model within theoretical and experimental uncertain- ties. This agreement should be further improved by renormalizing the bare J -couplings to remove the second-order shifts from virtual crystal field fluctuations. This qualitative similarity persists past the point κ = 1, where we consider the bilinear and biquadratic interactions to be of comparable magnitude. Indeed, we can extend the EQQ model to the larger value κ ∼ 3.5 and still obtain a spectrum nearly identical to that shown in Fig. 6 . This indicates that there is a wide range of biquadratic coupling strengths that induce a significant gap and remain consistent with the overall features of the excitation spectrum as reported in Ref. [15] . These two consequences of the biquadratic interactions, the large induced gap and the invariance of the broad features of the spectrum form the main result of this work. Together, they imply that significant biquadratic coupling can not only produce a gap large enough to account for the observed results but, crucially, can do so without spoiling the agreement between the excitation spectrum and experiments. More generally, this tells us that the higher multipolar interactions, that are expected to be not only present but significant [37] , can have observable effects at low energies. With this proof of principle, we see that virtual crystal field effects can not necessarily be ignored. Next we discuss how this scenario could be tested in Er 2 Ti 2 O 7 .
VI. DISCUSSION
The question of the role of order by disorder type mechanism in Er 2 Ti 2 O 7 is a quantitative, not a qualitative question. Given any mechanism that selects the ψ 2 state from the Γ 5 manifold, one expects a soft-mode in the spin-wave spectrum with a small gap [30] . Thus the observed excitation gap is a consequence of the ψ 2 selection and does not provide a signature for any given selection mechanism. The identification of the mechanism thus lies in the details, for example through the absolute magnitude of the gap or dependence on other effects such as random disorder or magnetic field. In the order by quantum disorder order scenario of Ref. [15] , this final identification rested on the effects of virtual crystal field fluctuations being taken to be entirely negligible. As established in Secs. III, IV and V, the assumptions unpinning this conclusion are unwarranted. Not only are the effects of virtual crystal field fluctuations non-negligible, they can be comparable to or even larger than the corresponding quantum fluctuations when multipolar interactions are taken into account. We are thus left with the difficult task of disentangling these two fluctuation effects, as both will be present generically. We first should focus on the magnitude of the gap seen experimentally. In Ref. [26] and Ref. [25] a gap of ∼ 40−45 µeV is observed. In the order by quantum disorder scenario, the excitation gap is fully determined from the fitted exchanges of the effective spin-1/2 model. However, this model is not analytically or numerically tractable; given these theoretical limitations we must resort to approximate methods to estimate the gap. In Ref. [15] , the large-S result from linear spin-wave theory (LSWT) is extrapolated to S = 1/2 giving a gap of ∆ ∼ 20 µeV, about 50% of the observed gap size. A complementary perturbative approach undertaken in Ref. [33] suggests that effects beyond LSWT could further reduce this value. Using real-space perturbation theory, Ref. [33] finds that the U(1) breaking term obtained from LSWT is exactly canceled at higher-order in perturbation theory when evaluated for S = 1/2. A more careful calculation [33] gives a degeneracy lifting δE that is reduced by ∼ 40% from the value reported in Ref. [15] . Since we expect ∆ 2 ∼ C 2 δE (see Eq. (27) ), this would reduce the gap size and move us significantly further away from the experimental result. If taken at face value, these estimates suggest that the order by quantum-disorder contribution to the condensation energy of the ψ 2 state could be as little as 25% of the value inferred from the experimental gap. This raises some doubt to whether order by quantum-disorder is the leading origin of ψ 2 selection in Er 2 Ti 2 O 7 .
Another indirect probe into the selection mechanism is provided by the effects of disorder. It has been argued [33, 34] that diluting Er 3+ in Er 2 Ti 2 O 7 with non-magnetic Y 3+ ions could provide another mechanism to break the degeneracy of the Γ 5 manifold. Such dilution favors the ψ 3 state, not the ψ 2 state found in the clean limit. This presents the intriguing possibility that by a controlled introduction of vacancies at the Er 3+ sites, one could tune from the ψ 2 state into the ψ 3 state. The critical dilution would provide some indication of condensation energy that stabilizes the ψ 2 state. Estimating this critical dilution, ρ c , suffers from many of the theoretical limitations such as estimating the gap in the pure effective spin-1/2 model. In Ref. [33] , this is estimated to be as low as ρ c ∼ 7%, taking the degeneracy lifting term δE to be ∼ 40% of the LSWT result, as described above. If instead of relying on the theoretical stabilization energy, we extract δE from the experimental gap using Eq. (27) , one obtains a δE that is four times larger. An equivalent enhancement of ρ c follows, raising the critical dilution to 25% or so. This could provide further evidence towards a stronger selection effect than predicted by the order by quantum disorder proposals.
The question then remains: what is responsible for the remaining stabilization of the ψ 2 state? The results presented here suggest that this quantitative difference could be resolved through the effects of virtual crystal field fluctuations. Further, we have shown that the full experimental gap can be accounted for with reasonable values of the biquadratic coupling. Accounting for only the fraction remaining after order by quantum disorder requires even less biquadratic coupling. We caution that a definitive experimental signature of this order by virtual crystal field fluctuations mechanism is difficult to formulate. These questions are highly quantitative and, given the small scale of these effects, are thus muddled by the combination of theoretical and experimental uncertainties. In principle, the presence of higher-rank multipolar couplings could be probed by looking at the dispersion of the higher crystal field levels in the ordered state. For example, a rough estimate of the magnitude of the higher multipolar interactions could be inferred by comparing with predictions assuming only the bilinear interactions of Eq. (29) . However, given the large number of independent parameters defining the multipolar couplings, extracting a definite scale for the higher-rank parts is likely to be an ill-posed challenge. Another possible signature could be the finite m z moment. Indeed, this is zero at leading order in the LSWT of Ref. [15] and in the real space perturbation theory of Ref. [33] . There are several difficulties with this: it is generically expected to be finite for the ψ 2 state, as it is allowed by symmetry [29] , and thus should appear at higher order in both such theories. Further, the relationship between the size of m z and the condensation energy is indirect, and even when enhanced it may be too small to be observed experimentally.
VII. CONCLUSION
The concept of order by disorder is a cornerstone of the theory of highly frustrated magnetism [3, 4, 7] , representing a middle ground between ordering in an unfrustrated system and a fully magnetically disordered state. However, due to the need for a nearly accidental symmetry and the difficulty in distinguishing it from more conventional ordering scenario, clear material examples are scarce. Even in a compelling material such as Er 2 Ti 2 O 7 , we have shown here that it is difficult to distinguish between possible selection mechanisms. But not all interesting physics is lost; we have proposed a novel order by disorder mechanism that proceeds through the virtual crystal field excitations of the Er 3+ ion. Despite the naively large crystal field energy scale, this order by virtual crystal field fluctuations can be quite effective in selecting the ordered ground state. While the selection induced solely by bilinear interactions is to some extent weaker than that seen experimentally (e.g. the gap, ∆, is roughly five times too small), once multipolar interactions are taken into account, we find this mechanism to be competitive with order by quantumdisorder and is able to account for the experimentally observed excitation gap, maintaining agreement with the rest of the excitation spectrum. While determining the relative size of the contributions of each of these mechanism is difficult, the availability of high-quality single crystals of Er 2 Ti 2 O 7 provide some hope that these effects could ultimately be disentangled. We further note that this selection mechanism is generically present in rare-earth magnets, with its relevance primarily controlled by the gap to the excited crystal field states.
To obtain a clearer signal for order by quantum-or thermaldisorder, one should then look for materials with a larger crystal field scale. A good candidate may be provided by Yb 2 Ge 2 O 7 [54] which should be described using the same effective spin-1/2 model as Er 2 Ti 2 O 7 at low energies [55, 56] . As the related material Yb 2 Ti 2 O 7 appears to be proximate to the Γ 5 phase [55, 56] , it is plausible that the ground state of Yb 2 Ge 2 O 7 is drawn from this manifold. All of the considerations for Er 2 Ti 2 O 7 are then applicable, with the significant difference that the crystal field energy scale in Yb 2 Ge 2 O 7 , as in Yb 2 Ti 2 O 7 [22] , is likely an order of magnitude larger. This renders the order by virtual-crystal-field-fluctuations mechanism described in the present work negligible, leaving for all practical purposes only quantum fluctuations to select the ground state.
